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Abstract

By putting a ball on a flat surface under a jet of water, one may observe spontaneous oscillations of the ball of well-defined amplitude and frequency. As a simpler conformation, the study of a cylinder shows that the mere effect of the jet is sufficient to observe an oscillation for a certain range of parameters such as the curvature of the object and the characteristics of the jet. An empirical model of the forces strengthened by direct measurements of the forces and torque allowed us to predict a theoretical period of 0.64 s when the experimental one was 0.80 s. Further, the origin of the oscillation was determined to be a dynamic hysteresis of the torque as it is deflected on one side of the can even when the jet hits its center. This phenomenon results in a gain of energy that counterbalances the losses by friction and leads to oscillations. Domain of oscillation is also shortly addressed while improvements of the theoretical model and other experiments are suggested as well.
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1 Introduction
What do you expect when a ball is placed on a flat surface under a jet of water? Perhaps you would argue that the ball undergoes the impact of the jet and is expelled out of it. But quite surprisingly it does not: for a ping-pong ball under a jet that exits a tap, it oscillates regularly instead. The ball is covered by the liquid and is constantly brought back under the jet (Fig. 1).
The origin of this phenomenon is called the Coandă effect [1]. Indeed, when a fluid jet is brought close to a curved surface, it tends to adhere to the surface. Thus, the jet curves, which results in a deflection of the momentum of the jet perpendicularly to the surface of the object. This effect is mainly due to a difference of pressure between the two sides: the pressure near the object is lower than on the free side which causes the jet to approach the object [2–5]. As it occurs often in aeronautics or marine, the topic has been widely studied and one of its most famous applications is the levitation of a ball above a hair dryer. This latter problem is comparable to the ball oscillating under a jet because of its similar geometry. To tackle this latter issue, force measurements were conducted directly by using force sensors [6] or indirectly by using Particle Image Velocimetry [7]. This effect is however quite qualitative and the results might be completely different depending on the type of fluid, the Reynolds number [8] or the size of the object [6,7]. However, no study tackled the issue of an oscillating ball under a jet so far. The physics of such a system would be worth understanding given that in that case an oscillation of the ball occurs.
This article aims at characterizing the oscillations, namely the amplitude and the frequency. It relies on simple and essential experimental methods for mechanics as much as possible. Good agreements between theory and experience are found while loopholes and suggestions for improvements of our model are highlighted.
	[image: thumbnail]	Fig. 1 Scheme of the ball under a jet of water.



2 Methods
2.1 Equipment used
The usual fluid mechanics formalism relies on the Reynolds number as a way to describe the flow. The assessment of this number in our case was the very first step to understand the problem:
[image: equation](1)
with ρ and η being respectively the density and dynamic viscosity of water, L and v the diameter and the speed of the jet before the impact. This result means that the flow of water is turbulent. As the flow out of the tap was not steady at all, a rigid nozzle was set up to prevent perturbations before the impact of the ball. Once the water meets the object, perturbations of the flow are witnessed.
In the end, the obtained laminar flow still induced spontaneous oscillations of the ball put right underneath it, even though turbulence cannot break the symmetry anymore (Supplementary Video S1). The fluctuations of the jet is not a significant phenomenon in this study.
A simpler conformation with a cylinder has been used to study the oscillations in one dimension contrary to the two dimensions of the ball on the plate. Very light cylinders like soda cans were used, weighing m = 12.4 g with a diameter of D = 5.8 cm if no further indications are provided.
Moreover, the can leaned on two perpendicular cylinders, so that the jet of water left the can and fell on the plate a few centimeters below. This conformation eliminated the interaction between the water that flows on the plate and the can that raises complex interactions such as a hydraulic jump around the ball.
What we witnessed in such a case is a regular oscillation of the can under the jet for a certain range of parameters. We can conclude that the sole influence of the jet is enough to observe the oscillations and its only effect will be investigated in the first place.
2.2 Model of the forces applied on the can
Before presenting our results, here is the mechanical model drawn to study the motion of the cylinder (Fig. 2). Firstly, there is the weight of the can W⃗. The force of the jet has two independent components: the drag force, parallel to the jet and written as F⃗y = −Fye⃗y and the lift force, perpendicular to the jet and identified as F⃗x = Fxe⃗x, where e⃗y and e⃗x are the unitary vector along y and x, respectively. The solid friction with the two cylinders gives also two components: the normal component N⃗, and the tangential one T⃗ = Te⃗x. In a first assumption, the forces due to the jet are applied at the very place of impact of the jet on the can. The jet fallsunder the can and does not interact with the plate and the can at the same time. The angle θ is defined as the one between the vertical axis going through the center of mass G and the line drawn between G and the impact of the jet with the can.
The fundamental principle of mechanics applied on the horizontal forces and the angular momentum theorem gives the following set of equations:
[image: equation](2)
with m and JG being respectively the mass of the can and its moment of inertia along z calculated in G. The rolling hypothesis is essential as it replaces x by −Rsinθ, the minus sign being a matter of convention.
This model relies strongly on the assumption that the point of application of the forces is the point of impact of the jet but it is reasonable to expect these points to be close as in the impact point occurs the most drastic change in momentum.
However, for experimental reasons, we chose to take into account the torque Γ applied on the can instead of the vertical force. The improved model is thus:
[image: equation](3)
This set of two equations contains three unknown forces. To use this model any further, the empirical expressions of the forces were investigated at first. Then the measurement of the torque was conducted.
	[image: thumbnail]	Fig. 2 Scheme of the forces applied on the cylinder. θ is the angle between the vertical and the line joining the center of the cylinder and the point of impact of the jet.



2.3 Measurements of the forces of the jet acting on a cylinder
The force measurements have been carried out by using the setup depicted in Figures. 3 and 4. The cylinder washeld by strings linked to masses horizontally and vertically. These masses were put on scales with a precision of 0.01 g. The experimental setup allows us to measure the horizontal and vertical forces applied by the jet on the can.
[image: equation](4)
with F⃗ = F⃗x + F⃗y the horizontal and vertical forces applied by the jet on the can, S⃗ = S⃗x + S⃗y the tension of both strings and W⃗ the weight of the can. The scales were reset before the application of the jet, so that only the forces exerted by the jet on the can will be indicated. Thus, neglecting the friction on the pulley and the string mass, the masses measured with the scales mmeas is related to the horizontal or vertical force F by : F = mmeasg with g = 9.81 m ⋅ s-2. The position of the center of the jet is measured with a simple ruler, allowing to obtain the values of the forces with regard to the position of the jet.
The main limitation of this setup was the stability of the system. The jet could not be put far away from the center of the cylinder because it induced motion of the cylinder otherwise. That issue is caused by the loose strings and could not be overcome.
	[image: thumbnail]	Fig. 3 Side view and front view of the setup used to measure horizontal and vertical forces applied by the jet on the cylinder.



	[image: thumbnail]	Fig. 4 Photograph of the setup used to measure the horizontal force applied by the jet.



2.4 Simple measurements of the torque applied to an object
We conducted the measurements of the torque applied by the jet on the cylinder. This simple setup used is described in Figure 5. Each end of the cylinder was glued to PVC plates lying on two scales. As the lever arm d between the cylinder and the scales were known, the difference of mass between the two scales leads to the measurement of the torque Γ applied on the system. A system of rack and pinion enabled to place the jet correctly. In order to be more accurate, the jet is brought back and the scales are reset between each measurement.
Contrary to the previous experiment, this setup had no limitation due to the stability of the cylinder. The position of the jet x even reached values higher than R, because the center of the jet, that gives the value x, was further than the edge of the can while the jet was thick enough to remain in contact with the can.
	[image: thumbnail]	Fig. 5 Setup used for the torque measurement applied by the jet on a cylinder.



2.5 Observation of the oscillating cylinder
To conclude, the observation of the oscillating can has been carried out. We used a XIMEA camera with a well-defined framerate of 50 frames per second to observe the flow of water and measure the frequency. The can leaned on two perpendicular cylinders and was ballasted if needed with PVC disks of 5.5 cm in diameter and weighing up to 0.1 kg to study theinfluence of the mass. Cans were also coated with paint to witness the influence of the hydrophobicity of the surface of the can.
3 Results
3.1 Forces measurements
The results obtained from the setup of Figure 3 are shown in Figure 6. The characteristics of the jet were fixed with a flow of Q = 21 cm3∕s, a height of the jet before impact with the can of h = 15 cm and a radius of the nozzle of r0 = 0.82 cm. These values are set for every experiment unless mentioned cases. The only variable is the position of the centre of the jet. Figure 6 shows a linear force Fx around the center of the can and a constant force Fy. Moreover, the latter force is ten times higher than the former. The expressions of F⃗x and F⃗y can thus be assimilated respectively to a spring F⃗x = −kxe⃗x and a constant force F⃗y = −Ce⃗y, with C > 0.
However, the setup lacked stability and was not investigated any more. That is why a clear dependence of the forces on the parameters of the jet or the can was not deduced out of this setup and a measurement of the torque Γ was carried out to complete our model.
	[image: thumbnail]	Fig. 6 Force measurements along the x and y axes. The characteristics of the jet are Q = 21 cm3∕s, h = 15 cm and r0 = 0.82 cm.



3.2 Torques measurements
The setup drawn in Figure 5 was very stable and allowed to measure accurately the total torque Γ for various cases. The results for the same parameters of the jet are displayed in Figure 7. The torque measured is linear up to [image: equation] and falls to zero any further. The linear fit in red will be used in the theoretical model, so Γ = −γx, with γ = 0.053 N.
By replacing Γ and Fx by their empirical expressions in equation (3) and eliminating T, the resulting equation is similar to a harmonic oscillator:
[image: equation](5)
The period of oscillation ruled by this equation is
[image: equation](6)
The experimental agreement with this value will be addressed now.
	[image: thumbnail]	Fig. 7 Torque applied by the jet on the can depending on its relative position x/R. The experimental data are approximated to a linear relationship in red.



3.3 Frequency measurements
Firstly, the dependence of the frequency on the effective moment of inertia was investigated. For each ballast, the moment of inertia was obtained by measuring the period of small oscillations of the ballasted can around a stick taped along the height of the can and held horizontally. This measurement could be supported by an analytic calculation of the moment of inertia. The resulting effective mass is [image: equation].
The period of oscillation of the can under the jet is shown in Figure 8. Each time measurement corresponds to a mean over30 oscillations. Since the jet is unchanged, the effective mass of the can is the sole variable. The observed period grows with the effective mass and the data were fitted to a power law. The fit highlighted a dependence in the effective mass to the power 0.44 ± 0.07. This value, close to the value 0.5 given by our model, tends to confirm it. This is strengthened by the factor (4.22 ± 1.04) s ⋅ kg-1∕2 which is similar to the theoretical one [image: equation].
Direct comparisons between the theoretical period and the measured one led to the results displayed in Figure 9. The experimental data come from Figure 8. The flow is set at Q = 21 cm3∕s and the height of the jet at 15 cm. The order ofmagnitude of the measured period matches with the theoretical one. However, a non-negligible discrepancy to the experimental value [image: equation] up to 20% is witnessed, the theoretical value being almost always lower to the experimental one. This trend is also noticed when the jet parameters or the can radius are changed (results not displayed here).
	[image: thumbnail]	Fig. 8 Oscillation period under the jet vs effective mass of the ballasted can. The red curve corresponds to a power law fit.



	[image: thumbnail]	Fig. 9 Comparison of theoretical and experimental period of oscillations for ballasted cans. The straight line has a slope of 1 to compare directly theory and experiments.



3.4 Physical origin of the oscillation
It appeared that before reaching a stationary state with a constant and well-defined period and amplitude of oscillation, the movement of the can consists in a transient behavior during which the amplitude is amplified, whereas we would expect it to be damped dueto the dissipative effects that could occurs like friction. These observations convinced us to study the physical origin of this oscillation. Our hypothesis is that the can undergoes hysteresis, providing thus a gain in energy. This would means that the torque applied by the jet on the can is different depending on whether the can comes from the right or the left.
Firstly, we investigated this problem by using the setup depicted in Figure 5 and measuring the torque in the two directions with the usual set of parameters (Fig. 10). That means that we measured the torque with the jet sweeping progressively the can from left to right (blue data) and when it goes back (from right to left, red data). This would allow to detect a static hysteresis of the torque. Figure 10 shows a shift of around 0.05 mN ⋅ m in the measured torque between the two sets of data. However, this difference is very close to the error range.
Moreover, this study does not take into account the motion of the can. Since torque measurements on a rotating can are hard to achieve, only a qualitative observation has been conducted in the film S2. These close-ups on the area impacted by the jet showed a delay between the position of the impact point and the deflection of the jet. In other words, the jet was still deflected on one side of the can while the impact point was on the other side. It induces a dynamic hysteresis that provides energy to the system.
The second video S3 is shot under the same conditions, except the can is coated with a hydrophilic spray. Instead of an amplification, a damping is witnessed as the jet is more symmetric around the can and no longer shows this dynamic hysteresis. This damping was also seen for a higher flow of the jet. Because of the increased section of the jet and the higher speed at the impact, the flow was deflected on both sides of the can.
	[image: thumbnail]	Fig. 10 Torque measurements sweeping the can from left to right and from right to left.



4 Discussion
4.1 Forces acting on the cylinder
Measurements with different properties of the jet showed non-trivial dependence of the torque on the flow and height of the jet. As more water hits the can, the deflected momentum of the jet around the can is higher and so is the torque applied on the can. The conclusion is the same for the height of fall of water that increases the speed of the jet at the impact. So even if we were able to measure the total force and the total torque that act on the cylinder depending on the parameters of the jet, we cannot determine the contribution of the different physical phenomena at stake and of the different forces involved.
The force measurements gave an insight of the physical phenomena though. Indeed, the calculation of the contribution of the impact of the jet on the vertical force Fy gives an upper limit by assuming that the water hits the surface and is deflected perpendicularly, and leads to [image: equation], with v the speed of water before impact. The speed of a free jet of water falling out from a nozzle is theoretically known by using Bernoulli’s principle [9]:
[image: equation](7)
the term related to the height h being prominent in our case. Its value is v = 1.72 m∕s. All in all, the result is at most [image: equation], which corresponds to only 50% of Fy = 75 mN. Thus, the contribution of the other forces on the can such as the viscosity, the capillary forces and the normal force applied by the water on the can are not negligible. Regarding this latter force, it can be approximated by considering a 0.5 mm thick and 3 cm wide layer of water around the whole can, which leads to an approximate added mass of 3 g and a force of 30 mN. Consequently, viscosity is likely to be the cause for the 10 mN contribution remaining to Fy as capillary forces are expected to be weak. This can be a consequence of the hydraulic jump around the impact of the jet, with a stream thickness l lower than 0.5 mm and speed w higher than 2 m∕s. The order of magnitude of 10 mN is reached by simply assuming a friction force similar to the one of a Hagen-Poiseuille flow on the surface S around the can [image: equation].
4.2 Agreement between theoretical and experimental frequencies
The experiments show an agreement in trend between the theoretical and the experimental period of oscillation. This confirms the assumption that the torque is linear and that the interaction potential can be modeled as a harmonic potential well. However, the torque can no longer be considered as linear when the jet hits the edge of the can. The torque decreases near the edge, around [image: equation], until a zero torque. This is not taken into account in the model, but we can expect that a lower torque near the edge is not favourable to a quick return of the can to its equilibrium position. Hence the comprehensive theoretical period is expected to be higher because of this phenomenon, and closer to the experimental one. Simulations were carried out using the Euler method to consider the real shape of the torque, particularly the non linear part on the edge of the cylinder. Although the new theoretical period that we obtained was closer to the experimental one, it could not explain the whole discrepancy.
Indeed, it could also be due to the amount of water accumulated around the can. It has to be displaced as well as the can and a change of the effective mass used in the model should be considered. This leads to an added mass of around 3 g. This mass being far away from the axis of symmetry of the can, the added effective mass is doubled because of the moment of inertia. It is not negligible before the low effective mass of the soda can of 22 g. When taken into account, the theoretical period goes from 0.64 s to 0.72 s, much closer to the experimental value of 0.80 s. Unfortunately no experiment was carried out to measure the actual mass of water around the can for each experiment. Yet this could significantly improve the estimate of the moving mass in the model and thus the agreement between the experimental and theoretical frequencies.
4.3 Energy provided by a dynamic hysteresis
Besides the frequency, the amplitude of oscillation is relevant to study. The can could stop itself after a few oscillations because of friction withair, with water or with the plate but it is not the case. In the stationary state, the amplitude of oscillation is fixed to a given value for a given set of parameters for the jet and the can. If the initial displacement is lower or higher than this amplitude, the amplitude of the oscillation respectively increases or decreases to reach this value. To investigate this matter, we studied in more details the torque applied by the jet on the can.
The measurements of the torque going one way or the other exhibited a slight difference between the two set of data but it can be attributed to a systematic error along the measurement. Thus, we conclude that there is no static hysteresis that could explain the growing amplitude of oscillation of the can.
Yet, the use of two different coatings showed the importance of the distribution of water around the can in the development of an hysteresis. Indeed, we observed a delay between the moment when the impact point of the jet moves on the other side of the can and when the jet is deflected on the same side. The torque applied on the can obeys consequently to a dynamic hysteresis which develops when the can is moving: the jet of water pushes more the ball one way than the other (Fig. 11a). The graph of the horizontal force is modified because of this hysteresis, the can following the blue line in the graph Figure 11b. The amount of energy gained by the system because of this hysteresis W is thus represented by the red area. The application of two different coatings for the same set of parameters proved the importance of the wettability of the surface: when the water hit the non-coated and hydrophobic can, it could not form a uniform layer around the can as it needed to wet a great surface. In this case, the amplitude of oscillation was amplified and the system reached a stationary state with well defined oscillations. But for the coated and more hydrophilic can, where water covered the can symmetrically because of its higher wettability, the amplitude of oscillation decreased and the can stopped itself. This phenomenon that involves surface tension is one of the reason why oscillations were witnessed.
However it might not be the sole explanation. Our force and torques measurements were conducted statically, which is different from the forces applied on the moving can. Because the can is moving up to a speed of [image: equation], the relevant speed of the jet at the impact is the relative one at the surface of the moving can. It may induce an enhanced or hindered deviation of the jet that will influence the motion of the can. We expect the assumption to work well as long as we have vcan ≪ vjet but this is hard to address since measuring dynamic torques experimentally remains difficult. It could be done in simulations.
All in all, the dynamic hysteresis of the torque and maybe to some extent the relative motion of the can compared to the jet are the phenomena responsible for the amplification of the amplitude of oscillation. This gain of energy opposes the loss the system undergoes, such as the friction with air or with the cylinders under the can, the viscosity and the capillary forces due to the presence of water between the can and the cylinders underneath. The contribution of this last phenomenon was showed explicitly by comparing the amplitude of oscillation in absence and in presence of droplets of water under the can. This led to a larger amplitude of oscillation in the first case. The amplitude of motion is thus defined by the equilibrium between the gain and the loss of energy through these various phenomena.
This observation raises the question of the range of parameters required to observe oscillations of the can. Indeed, oscillations are observed only in specific ranges of height or flow of the jet, as well as the curvature of the can. Outside of these ranges, the can is either expelled out of the jet or static under the jet. The can is expelled out of the jet quickly with oscillations amplified too much when the jet reaches a size comparable to the one of the can. Such an observation was also made for a ball levitating over a jet of air [8]. On the other hand, the can found a static equilibrium for important flows or higher speeds of the jet. This is once again likely to be a consequence of a more symmetric distribution of water around the can that prevents it from gaining energy due to the dynamic hysteresis. A qualitative approach by comparing the radius of the jet and the radius of the can is irrelevant in that case, contrary to the case of the expelled ball. In the end, no trivial criterion on the beginning of oscillations has been drawn and it is very likely to depend on a whole domain of parameters for a given can, namely the flow, radius and height of the jet in which persistent oscillations are seen.
5 Dead ends
A few other ideas were investigated. Unfortunately it led to unuseful results:
	
Fitting of the amplified oscillations and saturation to obtain the new horizontal force applied on the can due to the dynamic hysteresis and the relative motion of the surface of the can compared to the jet.


	
Observation of the direct influence of an isolated parameter such as the height of the jet. No interesting trend was found.


	
Application of our model to the case of a ball. No cylinder of the size of a ping-pong ball was available to apply its results on a ball. The presence of the plate underneath presumably changed the theoretical model but none was satisfyingly drawn.


6 Conclusion
Our work proved that the deviation of the jet along a curved object is responsible for its oscillations under the jet by inducing a restoring force similarly to a spring.
We conducted force and torque measurements which showed that the effective interaction potential between the jet and the cylinder canbe modeled by a parabolic potential well. This allowed us to derive a theoretical period of oscillation [image: equation] that depends on the mass and geometry of the cylinder and on the characteristics of the jet (height, flow and radius). Experimental measurements of the period confirmed that it varies with the square root of the mass. However, a significant error of 20% is found, which is presumably a consequence of the neglected mass of water of about 3 g around the cylinder and of the linear approximation of the torque applied on the cylinder.
We also showed that the source of these oscillations is a dynamic hysteresis, which is a consequence of the surface material of the cylinder. There is a moment when the jet hits the can on one side while water is still flowing on the other. This phenomenon leads to a hysteresis of the torque applied on the can that appears only if the cylinder moves, which provides the energy required to observe oscillations. The amplitude of oscillation is eventually a trade-off between the gain in energy and the losses due to friction or capillarity.
Future research will aim at improving our theoretical model and determining more precisely the contribution of the forces included in the total force that we measured. This should also allow us to transpose this study to the two-dimensional problem of the ball.
	[image: thumbnail]	Fig. 11 (a) Scheme of the dynamic hysteresis responsible for the amplification of the amplitude of oscillation: the torque in the first direction (green) lasts longer than in the other (red). (b) It results in a modified profile of Fx represented schematically by the blue line. The amount of energy brought to the system W is the red area.
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Supplementary material


S1: Ball oscillating under a laminar flow.

 (Refer to website)


S2: A non-coated can undergoing amplified oscillations.

 (Refer to website)


S3: The same can coated undergoing damped oscillations under the same conditions.

 (Refer to website)
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